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We rigorously prove that the correlation functions of any statistical model having a com-~
pact transitive symmetry group and nearest-neighbor interactions on any tree structure
are equal to the corresponding ones on a linear chain. The exponential decay of the latter
implies the absence of long-range order on any tree. On the other hand, for trees with
exponential growth such as Bethe lattices, one can show the existence of a particular
kind of mean field phase transition without long-range order.

One of the most relevant results in the study of phase transitions is the discovery
of the role of systems dimensionality in determining long-range order. It is known
that phase transitions with spontaneous breaking of a continuous symmetry are
impossible in one and two dimensions! while they occur in d > 3.2 On the other
hand, a discrete symmetry cannot be broken in one dimension, but long-range order
occurs for d > 2.2 Unfortunately, these fundamental results apply only to ordered
systems such as crystal lattices and cannot be extended to a lot of interesting real
structures that are not translationally invariant such as fractals, polymers, glasses,
and generic disordered systems. Indeed in all these cases the dimensionality can-
not be generalized in a unique way and in principle it is not clear if a geometrical
parameter playing the same role as d does exist. Hov've'ver, 'tbe det‘ermina’tion of
very general geometrical features affecting phase transitions is of primary impor-

tance not only from a theoretical point of view, but also from an experimental and

technological one: Up to now, for example, we still do not know in general which
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geometrical structures allow a disordered material to be a permanent magnet. Re-
cently, a necessary condition for the occurrence of phase transitions in disordered
systems has been found showing that a continuous symmetry cannot be broken on
recursive networks, i.e. structures where random walks are recursive.* Since one-
and two-dimensional lattices are recursive, this result is the natural generalization
of the Mermin-Wagner theorem.! However, this theorem does not give a sufficient
condition for spontaneous symmetry breaking and up to now it was an open ques-
tion whether phase transitions always occur on transient networks (structures where
random walks are not recursive). Moreover, an equivalent theorem concerning dis-
crete symmetry models is not known and it is not obvious that the critical behavior
of these models is affected by the same geometrical features.

In this letter, we partially answer these open questions proving a new no-go
theorem concerning a wide and important class of discrete structures. Namely, we
show that no long-range order is possible at any finite temperature on tree structures
for models with a compact transitive symmetry group, i.e. for most realistic models
describing a phase transition.

Let us begin by considering a finite tree 7 with N sites, i.e. a loopless connected
graph composed of N poinis and N —1 links joining them pairwise. We call nearest
neighbors (n.n.) two points joined by a link and we will consider a statistical
model with n.n. interactions defined on 7. For simplicity sake we will deal with
ferromagnetic interactions. The antiferromagnetic models are fully equivalent to the
ferromagnetic ones on bipartite graphs such as trees. We introduce the Hamiltonian

Hy ==Y Jjoi-0;, (1)
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where the o; are generic scalar or vector variables taking values on a compact
homogeneous space (for example, spin variables in an O(n) model), the dot products
are invariant under the action of a compact group G(O(n) in the previous example),
and the sum runs over n.n. sites. The J;; can in general be disordered couplings
provided that they satisfy the boundedness conditions 0 < Ji; < J < 0o. The main
point of our proof will consist of showing that two-point correlation functions of a
model described by (1) on a generic tree are equal to the corresponding ones for the
same model on a linear chain. Let us begin by considering a generic point p € T
and define the reduced partition function

Z1(0op) =/ H do;ePHT (2)

i€(T-p)

Due to the G-invariance of Hr, it follows that Z7(o,) is independent of both p and
op and is given by _
[ Ticr doie=PH7 _Zr

ZT(UP) = de'p - V’ (3)
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where Z is the complete partition function on 7, and V = [ do, is finite because
of the compactness condition and independence of p.

Now let us choose two generic points ¢ and j and let C be the path (unique on
a tree) joining them. The number r of links in C is the distance between i and j.
Then consider the graph obtained from 7 by cutting all the links of C. This is a
disconnected tree and each one of its r 4 1 connected components contains one and
only one point of C. Therefore we can label them with these points calling them
71, { € C. Now the two-point correlation function {0y - 0;) is given by

(oi-05) = [icr doroi - ojePH7 = [ Miec do125,(o1)o; - gjeFHe (4)
v fnkET dﬂkﬁ_pH'f f HIEC dﬂ(ZT, (m)e‘ﬂ”c !

where Hg is the restriction of Hy to C and the Zy (1) are the reduced partition
functions defined on 7;. From (3), it follows immediately that

{0;-05) = fnlec dajo; -ar,-e"ﬂHc "
’ fnlec doje~BHc

is independent of 7 and coincides with the correlation function between two points
at a distance r on a linear chain. Notice that the independence of the correlation
functions of 7 implies that (5) also holds in the thermodynamic limit, i.e. for in-
finite trees. Now, from the boundedness conditions on the J;;, it follows that the
correlation functions are bounded from above by the ones obtained from the same
model setting all couplings equal to J.® But it is known that on a linear chain the
latter always decays exponentially according to®

(0i - 0iyr) =77/, (6)

where the correlation length £ is a model-dependent decreasing function of the
temperature T = 1/8k that diverges as T' — 0. This implies that, for any finite
T, limpoo{0; - 044r) = M? = 0, where M is the spontaneous magnetization.
Therefore, no long-range order is possible on any tree structure. Notice that the
above definition of spontaneous magnetization is not in principle equivalent to the
one based on the mean of all the local magnetizations used in Ref. 4, that we will call
M. However, the latter is zero when the former vanishes if the considered structure
is embeddable in a finite-dimensional space.” More precisely, if we introduce the tree
growth function at point i, N;(r) giving the number of sites at distance less or equal
to r from i, M vanishes if N(r) is of order less than exponential. This condition
is not satisfied, for example, in the case of Bethe lattices, i.e. infinite trees with
constant coordination number at each site, for which N(r) grows exponentially.
Various models have been solved exactly on these trees, and the results always
coincide with the mean field solution, showing a phase transition at finite 7. This
transition is indeed of a rather particular kind, since the free energy is not singular
at any finite 7.3 This kind of transition can be easily understood using our result
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concerning correlation functions: While M is obviously zero, M becomes finite in
the thermodynamic limit for T < T, where T is defined by”

ETL) = rll.l& r/log Ni(r), N

N;(r) being independent of i. Moreover, all the thermodynamics can be deduced
from (6) and from the explicit form of N(r). By performing explicit calculations,
one can easily recover the mean field behavior of physical quantities and see that
this transition does not involve long-range order, but it has a pure geometrical origin
due to the exponential growth of N(r).”7

In conclusion, we have shown that all compact homogeneous statistical models
have no spontaneous symmetry breaking on trees.

At a first and “simple-minded” look, this result could appear obvious and with-
out consequences. A more careful analysis shows that it has a deep meaning and
strong consequences on the very general problem of phase transition on nontrans-
lationally invariant structures: This proof represents the first no-go theorem con-
cerning discrete symmetry models on nontranslationally invariant lattices and also
extends the results of Ref. 4. Indeed a wide class of transient trees presents subex-
ponential growth,® implying the vanishing of M at any finite temperature. This
proves that transience is not a sufficient condition for the spontaneous breaking of
a continuous symmetry.
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